
Partial Fraction

Consider

F (s) =
N(s)

D(s)
(1)

where N(s) and D(s) are polynomials in s, D(s) being of higher order than N(s), i.e.,

lim
s→∞

F (s) = 0 (2)

1. The characteristic polynomial D(s) has distinct roots (real or complex), i.e.,

D(s) = (s − r1)(s − r2) · · · (s − rn) =
n

∏

i=1

(s − ri) (3)

Let

F (s) =
α1

s − r1

+
α2

s − r2

+ · · · + αn

s − rn

(4)

Then it is obvious that

lim
s→ri

(s − ri)F (s) = αi (5)

for i = 1, 2, · · · , n. Therefore,

αi = lim
s→ri

(s − ri)N(s)

D(s)

= N(ri) lim
s→ri

s − ri

D(s)

= N(ri)
d
ds

(s − ri)|s=ri

D′(ri)

⇒ αi =
N(ri)

D′(ri)
(6)

Substituting into (4), one obtain

f(t) = L−1

[

n
∑

i=1

N(ri)

D′(ri)

1

s − ri

]

=
n

∑

i=1

N(ri)

D′(ri)
erit (7)
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[Example]

F (s) =
1

(s + 1)(s2 + 1)

D(s) = s3 + s2 + s + 1

D′(s) = 3s2 + 2s + 1

The roots of D(s) = 0 are −1, j =
√
−1 and −j.

i ri N(ri) D′(ri) αi

1 −1 1 2 1/2
2 j 1 2(−1 + j) 1

2(−1+j)

3 −j 1 2(−1 − j) 1
2(−1−j)

f(t) =
1

2
e−t +

1

2(−1 + j)
ejt +

1

2(−1 − j)
e−jt

=
1

2

[

e−t − 1

2
(ejt + e−jt) − j

2
(ejt − e−jt)

]

=
1

2

(

e−t − cos t + sin t
)

2. D(s) contains repeating roots.

D(s) = (s − r1)
m(s − rm+1)(s − rm+2) · · · (s − rn) (8)

F (s) =
α1

(s − r1)m
+

α2

(s − r1)m−1
+ · · · + αm

s − r1

+
αm+1

s − rm+1

+ · · · + αn

s − rn

(9)

The coefficients αm+1, αm+2, · · ·, αn can be obtained by the same method described
previously. The remaining m coefficients can be determined as follows:

F (s) =
α1

(s − r1)m
+

α2

(s − r1)m−1
+ · · · + αm

s − r1

+ h(s) (10)

Multiply both side by (s − r1)
m

(s − r1)
mF (s) = α1 + (s − r1)α2 + · · · + (s − r1)

m−1αm + h(s)(s − r1)
m (11)
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Differentiate both sides (i − 1) times w.r.t. s (i ≤ m)

di−1

dsi−1
[(s − r1)

mF (s)] = (i − 1)!αi +
i!

1
αi+1(s − r1) +

(i + 1)!

2!
αi+2(s − r1)

2 + · · ·

+
(m − 1)!

(m − i)!
αm(s − r1)

m−i +
di−1

dsi−1
[(s − r1)

mh(s)] (12)

Thus,

lim
s→r1

di−1

dsi−1
[(s − r1)

mF (s)] = (i − 1)!αi (13)

and

αi =
1

(i − 1)!

di−1

dsi−1
[(s − r1)

mF (s)]s=r1
(14)

The inversion of F (s) can be written as

L−1 [F (s)] = L−1





m
∑

i=1

αi

1

(s − r1)m−i+1
+

n
∑

i=m+1

αi

1

s − ri



 (15)

Since

L
{

1

(n − 1)!
tn−1eat

}

=
1

(s − a)n
(16)

The result of inversion is

f(t) =
m

∑

i=1

αi

tm−i

(m − i)!
er1t +

n
∑

i=m+1

αie
rit (17)

[Exercise]

F (s) =
1

s(s + 1)(s + 2)3

Ans:

f(t) = e−2t

[

t2

4
+

3t

4
+

7

8

]

− e−t +
1

8
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